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ABSTRACT. This paper contributes to the general study of ideal lattices in
group algebras of infinite groups. In recent years, the second author has ex-
tensively studied this problem for G' an infinite locally finite simple group. It
now appears that the next stage in the general problem is the case of abelian-
by-simple groups. Some basic results reduce this problem to that of charac-
terizing the ideals of abelian group algebras stable under certain (simple) au-
tomorphism groups. Here we begin the analysis in the case where the abelian
group A is the additive group of a finite-dimensional vector space V over a
locally finite field F' of prime characteristic p, and the automorphism group
G is a simple infinite absolutely irreducible subgroup of GL(V). Thus G is
isomorphic to an infinite simple periodic group of Lie type, and G is realized
in GL(V) via a twisted tensor product ¢ of infinitesimally irreducible repre-
sentations. If S is a Sylow p-subgroup of G and if (v) is the unique line in
V stabilized by S, then the approach here requires a precise understanding of
the linear character associated with the action of a maximal torus TG on (v).
At present, we are able to handle the case where ¢ is a rational representation
with character field equal to F'.

1. INTRODUCTION

This paper contributes to the general study of ideal lattices in group algebras
of infinite groups. Some machinery for this was developed in the 70’s to handle
the group algebras of nilpotent and solvable groups, and properties of the Jacobson
radical. Most of this is reflected in the book [8]. More recent progress is based
on the idea of using asymptotic properties of representations of finite groups to
analyze the group algebras of locally finite groups, see [13]. Results based on this
idea mostly relate to the group algebras of simple locally finite groups. Although the
solution for simple groups is still incomplete, the next stage in the general problem
is probably the case of abelian-by-simple groups. Some basic results reduce this
problem to that of characterizing the ideals of abelian group algebras stable under
certain (simple) automorphism groups. Although one expects such a problem to
be easier than the study of simple group algebras, our experience does not promise
a quick answer. In this paper, we start the analysis in the (possibly) simplest case
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where the abelian group A is the additive group of a vector space V over a field of
prime characteristic and the automorphism group G is a simple infinite absolutely
irreducible subgroup of GL(V').

Such groups G are known in some sense. Indeed, G is isomorphic to an infinite
simple periodic group of Lie type and G is realized in GL(V') via a representation
¢ that is a twisted tensor product of infinitesimally irreducible representations of
G (i.e., those which arise from representations of the associated Lie algebra, see
Section 3 for details). In spite of the fact that this data is well-understood, we
have only been able to handle the case where ¢ is rational (in the sense of algebraic
group theory).

In our main result, stated below, we assume that V is a vector space over the
field generated by the traces of all elements g € G C GL(V). This is equivalent to
V being irreducible as an F,G-module where F), is the field of p elements. Such
an assumption is exactly what one naturally wants for the study of the problem in
general when G is not necessarily linear.

Theorem 1.1. Let G be an infinite locally finite quasi-simple group of Lie type
and let ¢ : G — GL(n, F) be a rational irreducible representation. Suppose that F
is generated by the values x(g) for g € G, where x is the character of ¢. Let V be
the FG-module associated with ¢, and let A = V™ be the additive group of V. If
K is a field of characteristic different from that of F, then KA and Aug(K A) are
the only non-zero G-stable ideals of the group algebra KA.

We remark that the recent paper of Brookes and Evans [3] considers the analo-
gous problem when G = GL(V') and F is an arbitrary field (see also [7, Example
3.9]). Some of our results are also true under more general settings. Indeed, suppose
F is arbitrary, GG is an algebraic group over F', and that the highest weight vector
v of ¢ satisfies Gy-v = Fv, where G, is the stabilizer in G of the line (v). Then our
argument reduces the problem to the case considered in [3] with dim V' = 1.

Most notation we require is introduced in Section 2. We note that all groups
considered here are finite or locally finite, and that all representations are finite
dimensional.

2. PRELIMINARIES ABOUT REPRESENTATIONS OF GROUPS OF LIE TYPE

In this section we refine some general results on representations of Chevalley
groups. A quasi-simple Chevalley group G is determined by a Dynkin diagram and
a pair P, where P is a field (finite or locally finite in our situation) and 6 a Galois
automorphism of P. We shall call P the defining field of G. If § = 1, then G is
called normal or untwisted. In addition, we have 62 = 1 for the twisted groups
2A,, %2D,, ?Ej, and 6% = 1 for 3D4. We call these the twisted groups of the first
kind. For the twisted groups 2By, 2F}, and 2G4, the automorphism 6 satisfies the
equality 0%(x)zP = 1 for all z € P, where p = char P = 2 for 2B, and ?F}, and
p = char P = 3 for 2G3. We call these the twisted groups of the second kind.
Observe that the condition 2(z)zP = 1 implies that 6 is of infinite order when P
is infinite.

Throughout this paper, F,, stands for the field of p elements and F, for its
algebraic closure.

Let G be given with p = char P and let G be a simple, simply connected Cheval-
ley group over F,, whose Dynkin diagram is that of G. We denote by r the rank of
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G and by Irr(G) the set of all irreducible rational representations of G (up to equiv-
alence). Then Irr(G) is parameterized by highest weights which are simply strings
(ai, ... ,a,) of non-negative integers. A highest weight is traditionally recorded as
a linear combination ajwy + ...+ a,w,, where {wy,... ,w,} is a particular basis of
the vector space 2 = Q(G), called the weight space. If p > 0, there is a further
refinement of this parameterization. Indeed, each coefficient a; can be expressed as
a; = by +pby + -+ -+ p" b, for some n = n(a;), where 0 < b; <pfor j=1,...,n,
and by, # 0 unless a; = 0 in which case we set n(a;) = n(0) = 0. This presentation
is unique. The weights (a1, ... ,a,) with 0 < a; < p are called p-weights. Therefore,
each weight A = (ay, ... ,a,) can be uniquely expressed as A\; + Xop + -+ + A,p" !
where Aq,..., A\, are p-weights and n is now max; n(a;). Let f denote the Frobe-
nius automorphism of F, defined by z +— 2P for x € F,. Clearly, f can be extended
to the matrix ring M (k,F,) for each k, and it is known that the group G can be
realized as a matrix group over F,, via a rational representation u defined over
F,, such that f(G) = G. The action of f on G so defined does not depend upon
the choice of u, so f becomes a well-defined automorphism of G. For ¢ € Irr(G),
denote by ¢/ the f-twist of ¢, i.e., ' (g) = ¢(f(g)). Then the highest weight of ¢/
is equal to A\;p 4+ Aap? + -+ 4+ A\, p"™ when A\; + Xop + -+ + A\, p" ! is the highest
weight of ¢.

Let ¢ = p'. Then the weights ajwy + - - - + a,w, such that 0 < a; < q are called
g-weights, and these all have shape A\ + Xop + - -- + A\;p' ™! where Ay,..., \; are
p-weights. Let Irrq(é) denote the set of irreducible representations of G whose
highest weights are g-weights. If G = G(q) is either a non-twisted Chevalley group
or one of the groups 2A4,.(q), 2D,(q), 2Es(q), *D4(q), then the set ¢|G, where ¢ runs
through the elements of Irr,(G) is exactly the full set of pairwise non-equivalent
irreducible F,-representations of G. In particular, they are parameterized by g¢-
weights. Suppose p is an irreducible representation of G and let A be its highest
weight. Then the field automorphism f twists p, and the g-weight of p/ is p\
modulo ¢ when G is of normal type. This means that if A = A\ +Xagp+-- -+ \pt L,
then A = A+ ip+Aap? +-- -+ X—1p'~ 1. On the other hand, if G is twisted, then
M = 7(\)+FAp+HAep?+- - -+ A 1pt ! where T is a permutation of the set {1,... 7}
such that || = |0], and 7 acts on weights via 7(a1,... ,a;) = (ar), ... ,ar()). For
2A,(q) we have 7(i) = r + 1 — i, for 2D,.(q) we have T equal to the transposition
interchanging r — 1 and r, for ? Eg(q) we have 7(1,2,3,4,5,6) = (6,2,5,4,3,1), and
when 3Dy4(q) we have 7(1,2,3,4) = (4,2,1,3). For groups of type 2B, ?Fy, and
2@, the theory is slightly more complicated. However, in general, each irreducible
representation of G extends to a representation of G, see [10, Theorem 43].

Let S, denote a Sylow p-subgroup of G. For finite G (as well as for infinite
groups like G), the normalizer N (S,) splits (quasi-splits, to be more precise) as
N¢(Sp) = Tg-Sp, where T is a subgroup called a maximal torus. Moreover, if
f(G) = G, then S, and T can both be chosen to be f-stable.

Let V be the F,G-module associated with an irreducible representation ¢ of G.
By the above, ¢ extends to a representation of G for which we keep the notation ¢
as well. By [B, Theorem 4.3] there is a unique line (v) in V stabilized by S,,. This
line is also stable under the Sylow p-subgroup of G containing S, and v is a vector
of highest weight for ¢(G). In particular, if G, denotes the stabilizer of the line
(v) in G, then there is a unique line (v) in V with S, C G,. The map v — gv for
g € G, is a 1-dimensional representation of GG,, whose character we denote by 7.
For the following, see [, Theorem 6.15].
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Lemma 2.1. Let V and V' be two irreducible F,G-modules, and letv € V,v' € V'
be non-zero vectors fized by the Sylow p-subgroup Sp. If n and ' are the respective
characters of G, and G, then V=2V’ if and only if G, = G, andn=1'.

An important fact which is also a consequence of the general theory is that
G, = Tg-Ce(v), so n is essentially a character of Tg. We need to compute 7 in
terms of ¢ explicitly. Let T denote a maximal torus of G containing T¢.

Let ag,... ,a, be simple roots of G with (w;, a;) = &;;, see [10, §3]. Let ha(F;)
denote the 1-dimensional subtorus of T corresponding to a root a and, for brevity,
set h; = hq,. Then each element of ¢ € T can be (uniquely) expressed as [[;_, h;(t;)
for some t; € F* As v is also a weight vector for G, let A =, a;w; be the weight
of v. Then tv = II7_,t{"v, see [10, Lemma 19], and therefore, to determine n(T¢)v
one has to refine the expressions for the elements of T in terms of h;(t;). This
description is given in [4), §13.7].

If G is untwisted, then n(t) = [[i_, t7* where t; are arbitrary elements in P*.

7 1
The situation for twisted groups is more dehcate We begin with the groups of first

kind 24,.(P), 2D,(P), 2Es(P), and >D4(P). Denote by Py the subfield of §-fixed
elements in P.

For 3D4(P), the element H?:l h;i(t;) belongs to Tg if and only if ¢t € Py and
t1 € P, t3 = 0(t1), t4 = 62(t1). For the unitary group 2A,,. = SU(2r + 1, P),
the element ¢ has shape ]_[z 1 hi(ti)hary1—:(0(t:)), and for 2Ag,_1 =2 SU(2r, P), we
have t = h,.(t,)- Hlel hi(t;)hor—i(6(t;)). Here the ¢; run through all elements of P,
except that ¢, runs over Py if G = 245,_;.

For G = 2D,(P), we have t = h,_1(0(t,))h,(t,) [1/—, hi(t;) where t, € P and
ti€ Ppfori=1,... r—1.

For G = 2FEg(P), we have (using the ordering of simple roots as in [1]) ¢t =
hay (t1) hag (0(t1)) has (t3) has (0(t3)) hay (t2) ha, (t4) where t1,t5 run over P and to,t4
run over FPy.

Next, we turn to the groups of type 2Ba(P), 2F4(P), and 2G2(P). They are
subgroups of By(P), F4(P), and G2(P), respectively, where char(P) = 2 in the
first two cases and char(P) = 3 in the third. The ordering of simple roots is
chosen so that |ay| > |az] for the By case, |a1| < |az| for Ga, and |ai| = |ag| >
las| = |ay| for Fy. According to [ §13.7.4], t = ha, (0(t2))ha, (t2) for G = 2Bs,
and t = ha, (t1)ha, (0(t3)) for G = 2Go where t1,ty € P. If G = 2F,(P), then
t = hay (0(t3)) hoy (t4) oy (0(t3)) has (t3) where t3,t4 € P.

Thus, if v is a vector of weight A = >, a;w; and t € T is expressed as above,
then we obtain the following formulae.

Lemma 2.2. With the above notation, the character n of Tg has the following
shape:

n(t) = ;_ ¢ if G is untwisted;

n(t) = Mi_t 0>+ ) if G =2Ay,.(P) = SU(2r + 1, P);
n(t) = o T80t ) if G = 2?Ag,._1(P) = SU(2r, P);
n(t) = tar=1 Ot )T % if G = 2D, (P) = Q" (2r, P);

n(t) =t 0(t1°)t5°0(t5° )57ty if G ="Eg(P);

n(t) = t10(47°)0° (¢ )t5° if G =°Dy(P);



ABELIAN GROUP ALGEBRAS AND GROUPS OF LIE TYPE 2975

n(t) =47 6(t7") if G =2Gs(P);
n(t) = 013" )52 if G =2By(P);
nt) = O3 )30 (13" )tes if G = 2F,(P).
Remark. The values aq, ... ,a, are not always arbitrary non-zero integers. However

this is not essential for our discussion.

Lemma 2.3. Let P be a field of characteristic p > 0 and let V' be a vector space of
finite dimension n over P. If G C GL(V) = GL(n, P) is an absolutely irreducible
locally finite linear group, and if F is the subfield of P generated by all the traces
of elements of G, then G is conjugate in GL(n, P) to a subgroup of GL(n, F).

Proof. This is well-known, see [12] or [14].

Lemma 2.4. Let G be a locally cyclic group. If m # 0 is an integer, then the index
|G : G™| is finite.

Proof. The quotient group G/G™ is of exponent dividing m and it is also locally
cyclic. Hence it is cyclic of order dividing m.

Lemma 2.5. Let X, L be normal subgroups of a group G. If |G : XL| < oo and
|IL: (X NL)| < oo, then |G : X| < 0.

This is obvious since XL/X 2 L/(X N L).

Lemma 2.6. Let G be a locally cyclic group and let 6 be an automorphism of G of
order 2. Fori,j € Z, set X ={0(9)¢" }gec. If i £ #0, then |G : X| < occ.

Proof. Assume that i &+ j # 0 and set L = {6(¢")g°}jec. Since 6% = 1, we have
(1) = I for all [ € L, and therefore §(I*)l = 1'"*7 € X N L. Note that, by Lemma
24, the subgroup {I**7},c1 is of finite index in L, since i + j # 0 and L is locally
cyclic. Therefore, L/(X N L) is finite. Furthermore, 6(g%)g*-g’~* = 0(g*)g’ € X for
all g € G. Hence ¢~ € XL and, since G is locally cyclic and j — i # 0, we have
|G : XL| < co. By Lemma 20, we conclude that |G : X| < co.

Lemma 2.7. Let G be a locally cyclic group, let 6 be an automorphism of G of
order 3, and let i,j,k € Z.

(1) If K, ={0(¢7)9" }ye, and j+ k # 0, then |G : K; 1| < oo.

(2) If X = {62(¢")0(¢”)g"}geq, then |G : X| < oo unless we have i = j =k or
1+j+k=0.

Proof. (1) Set K = K. For all g € G, we have 6(¢7)g* € K, so H(ij)gk2 € Kj.
Moreover, 82(gF)g? = 0(6%(g)))02(g)* € K, so §%(¢*)g7* € K. Multiplying these
two expressions, we get 92(gjk)e(gjk)gjkgkz"’jz_jk € K. In particular, if we set
L = {0%(¢%)0(¢7%)g7* } ye, then gh*+i* =ik ¢ K Ljj, for each g € G. Observe that
k*+j2—jk # 0, since otherwise k = j = 0. Hence, by Lemma24] |G : K Ljj| < oo.
Now clearly, 0(1) = [ for | € Ljj, and therefore 6(17)I* = I’*%* € KN Lj,. As
k+j#0, we have [Lj, : (KN Lj;)| < oo, and Lemma 5] yields |G : K| < cc.

(2) Suppose that i + j + k # 0, and let us first assume that j + k — 2¢ # 0.
Observe that 6%(g")0(g%)g*-0(g" ) g*~" = 0%(¢")0(g?)g* € X, for all g € G. In
particular, if we set L = {0%(¢%)0(¢9%)g'}yec, then 6(g~")g*~" € LX. Thus, in
the notation of part (1), we have K;_; ,_; C LX, and hence G/LX is finite since
j+k—2i#0. Next, if | € L, then 6(1) = [, so 82(1)0(19)I* = I"7+F ¢ X N L.
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Thus i + j + k # 0 implies that the group L/(X N L) is finite and, by Lemma 5]
|G : X| < oo in this case. Finally, since 8%(6(g)%)8(6(g)?)0(g)* = 0*(¢7)0(g*)g*, we
see that X = 6(X) = {0%(¢7)0(9")g'}yec. Thus, by the above, |G : §(X)| <
ifi4+k—2j # 0. Hence |G : X| < oo unless we have both i + k — 25 = 0 and
7+ k —2i =0. Since these two equations are equivalent to i = j = k, the result
follows.

Lemma 2.8. Let i,j,1,n be some integers, and let v be an automorphism of P
such that vy (x) = o' IfH = {y(x)) 2T} pep~, then D" e |

Proof. Note that H is v-stable since v(y(z")2?) = v(y(z)")y(x)! € H. We use
induction on k < n to show that

(%) 'y"*k(xin_k(*j)k) = 27" mod H,
where a = bmod H indicates that ab~! € H, for a,b € P*. The lemma will follow
by setting k = n.

If k = 0, then (%) has the shape 4" (z") = 27" which is obtained from ¥ (x) =
2 by substituting *" for z. Now suppose that () is true for some k < n. Since
vk (a) = v k71(y(a)) for a € P*, we have
k(@ D) = gkl (g (DY)

xpl in =

k71(7 xz)in_k_l(ij)k) = pyn*kfl((xfj)i"—k—l(ij)k)

y
= ’yn7
_ ,ynfkfl(xi"_k_l(fj)k'*'l) mod H,

as desired.

Proposition 2.9. Let G be a quasi-simple infinite periodic Chevalley group defined
over a field of characteristic p > 0, and V' be a non-trivial rational irreducible F,G-
module. Let F' denote the character field of V', and let 0 # v € V be a highest weight
vector. If H=1{0+# f € F, | gv = fv for some g € G}, then H is a subgroup of
finite index in F™*.

Proof. If ¢ is the representation of G afforded by V, then by Lemmal[Z3], G can be
realized over F'. Let Py denote the field of #-fixed elements in P. By the definition
of n, we have H = n(G,) = n(Tg), and therefore, H C F*. We show in fact that
H has finite index in the multiplicative group of a larger field, namely either P* or
Py . To this end, let A = ). a;w; be the highest weight of V', and recall that all a;
are non-negative integers.

(1) Suppose first that § = Id, so that Py = P. Then

r
H=n(Tg) = {Ht;‘”}tiep*v
i=1

and |P* : H| < oo, by Lemma [24] since P* is locally cyclic.

(2) Now let 6% = 1 (where k = 2 or 3), and let N(z) = II,; #*(z) be the norm of
x € P. As is well-known, N(z) = Py if P is finite, and clearly this is also true for
P locally finite. Therefore, if j # 0 is any integer, then {N(27)}zep- = {4y’ }yep;
is a subgroup of finite index in P, by Lemma [Z4

(3) Assume that #2 = 1. By Lemma 23] it suffices to show that {0(z")27},cp is
a subgroup of finite index in either P* or in P, provided that ¢, j are non-negative
integers not both equal to 0. If i = j, this follows from (2). On the other hand, if
i # j, then this claim follows from Lemma 2.0,
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(4) Let 0% = 1. By Lemma [ZZ it suffices to show that {6%(z%)f(27)a"*},ep is
a subgroup of finite index in either P* or in P; provided 4, j, k are non-negative
integers not all equal to 0. If ¢ = j = k, then this follows from (2). On the other
hand, if 4, j and k are not all equal, then by Lemma 7, the desired fact holds
unless i + j + k = 0. However, the latter cannot occur since i, j, k > 0.

(5) Finally, if G is of type 2 Ba, 2Ga, or 2F}, then the result follows from Lemmas

and 2.8

Lemma 2.10. Let G be an infinite quasi-simple, locally finite group of Lie type,
and let ¢ : G — GL(n, F) be a rational representation. If S, is a Sylow p-subgroup
of G, then ¢(Sp) is connected in the Zariski topology of M(n, F).

Proof. Let S° denote the connected component of the identity in S,. Then the
index k = | S, : S| is finite, and clearly SY is a normal subgroup of Ng(S,). Thus
S, contains a Ng(Sp)-stable subgroup of finite index k > 1, and this is known to
imply that k& = 1 since the action of Ng(S,) on S, is well-controlled.

The lemma can also be deduced from [J, Theorem 7].

3. REPRESENTATIONS OF QUASI-SIMPLE LOCALLY FINITE GROUPS

It is well-known that each quasi-simple infinite periodic linear group G is iso-
morphic to a Chevalley group over a locally finite field, and we use P to denote the
definition field of G.

If ¢ : G — GL(n,F)) is an irreducible representation, then we cannot immedi-
ately use the results above since ¢ is not necessarily rational. As an example, take
G = SL(2, P) and suppose that P contains a subfield Py with |P : Py| = 2. Let o be
a non-trivial Galois automorphism of P/Py and let v be the natural representation
of G (i.e. the one given by matrices of size 2). Then the representation ov, the twist
of v by o, is not rational and has no highest weight. Here ov is quasi-equivalent to
v, but v ® ov is not quasi-equivalent to any rational representation of G.

The following theorem was proved by Borel and Tits [2] for groups different
from 2Bs,2Go,?F,. The remaining three types were handled in [6, Theorem 3.5].
This was later generalized by Seitz [9]; in addition, the latter paper mentions an
unpublished proof by J. Tits.

Theorem 3.1. Let ¢ be an irreducible representation of G. Then ¢ can be ex-
pressed as a finite tensor product Q) 0i¢;, where the ¢; are infinitesimally irre-
ducible representations of G and the o; are field automorphisms of P.

One can express this by saying that ¢ is a tensor product of representations
that are quasi-equivalent to infinitesimally irreducible ones. This result is a natural
generalization of the famous description of the irreducible representations of finite
Chevalley groups. If G is finite, then o; coincides with f™¢ for some n; € N, where
f: x— 2P for x € P extends to G, as described in Section 2.

In spite of the absence of a highest weight for non-rational ¢, one can still define
the highest vector to be a non-zero vector fixed by a Sylow p-subgroup S of G.
To justify this, observe that GG contains an irreducible finite Chevalley subgroup
Gy of the same type as G and with S,(Gg) € S. Thus there is a unique line
(v) C V fixed elementwise by S,(Go), and then v is fixed by S, since ¢(S) can be
upper-triangularized.

Let v be a highest vector for ¢ and let G, denote the stabilizer of v in G. As in
the finite group case, the action of G, on (v) defines a linear character n : G, — Fp
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which we call the highest vector character. Observe that v = ), v; where, for each
i, v; is a highest vector of ¢;. It follows from Theorem Bl that n = x7'---x7"
where x1,...,x% are the highest vector characters of infinitesimally irreducible
representations of G and x7'(g) = 0;(xi(g)) for all g € G,.

Lemma 3.2. Let ¢ and ¢’ be non-equivalent irreducible representations of G over
F,. Then there exists a finite subgroup H of G, of the same Lie type as G, such that
dlg and ¢'|g are both irreducible, ¢\ is not equivalent to &' |m, and nlg # n'lu.

Proof. To start with, G is a union of a tower of finite groups G; C Go C ... of
the same type as G. By Burnside’s theorem, the irreducibility of ¢ is equivalent
to the existence in ¢(G) of n? linear independent matrices. Hence, there exists m,
with @|g, and ¢'|g, both irreducible for all i > m. Furthermore, since ¢ and ¢’ are
non-equivalent irreducible representations of G, it follows easily that ¢|g, and ¢'|g,
are not equivalent for some ¢ > m, and hence their Brauer characters are distinct.
By Lemma 2T 0|y # 0|y for H = G;.

Lemma 3.3. Let ¢ : G — GL(n, Fp) be an irreducible representation with char-
acter x. If F =F,(x) and let K = F,(n) denote the fields generated by the values
X(9)gec and n(9)gec,, respectively, then F = K.

Proof. Observe that K C F, since ¢(G) can be realized over the character field
(Lemma [Z3). Thus, we can assume that G C GL(n, F) and that V = F(™ is the
natural module for GL(n, F'). Suppose that K ## F. Then there exists a non-trivial
automorphism o of F,(x) which acts trivially on F,(n). As absolutely irreducible
representations of G are determined by their characters and x? # x, we see that
the representations associated with xy and x“ are not equivalent.

Let v € V be the highest weight vector of ¢. By replacing G by a conjugate,
if necessary, we can assume that v = (1,...,0)" € F(™) where t stands for the
transpose. Now o acts on V, and note that o(v) = v. Therefore, G, and G both
stabilize v. Let n; denote the character of the action of G on (v). Then, with
respect to the natural basis {v,va,... ,v,}, the matrices of g and g7, for g € G,,
have the sha n(g) a(m (97) = it foll h ) = c

pe | Ty ) an 0 , | s0 it follows that m(g7) = (n(g))°.
This means that the correspondence ¢ +— 7 is o-invariant. By Lemma B2, there
exists a finite subgroup H of G, of the same Lie type as G, such that ¢|gy is not
equivalent to ¢ |g. Let G be the algebraic group defining G as a Chevalley group.
Set T = ¢|g, 71 = ¢7|m, and let p and p; be rational representations of G such that
plg =7 and p1|g = 1. (In general, it is not true that p|g = ¢ and p1|g = ¢7.)

Of course, 1 = 77, and we let Fiy be the character field for 7. As o(Fy) = Fy, it
follows that Fy is also is a character field for 79. Moreover, since Fy is finite, o can

be expressed as a power of the Frobenius automorphism f of Fy, and thus m, = 77/ i
for some k. Replacing p by an equivalent representation, if necessary, we can assume
that f(p(G)) = p(G), and that, for each algebraic subgroup X of G defined over F,,
we have f(p(X)) = p(X). In particular, since G, = {g € G | gv € (v)} is algebraic
and defined over F,, f preserves G,. Also, as we saw in Section 2, f preserves H.
Hence f preserves H, = HNG,, and therefore H? = f*(H,) = H,. It now follows
from Lemma [ZTlthat 7 is equivalent to 71, which is a contradiction. Thus, K = F,
as required.

Let F be a field of characteristic p and let f denote the Frobenius automorphism
of F (i.e., f(z) =P for x € F). If o, B are automorphisms of F', we say that «, 3
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are equivalent if o = f* o 3 for some integer I, and let us write & for the equivalence
class of a. Note that each such class contains countably many members. The
following is [9, Lemma 2.1].

Lemma 3.4. Let aq,... ,an, be non-equivalent automorphisms of an infinite field
F. If g € Flz1,... ,zy] s a polynomial such that q(aq(z),... ,am(z)) =0 for all
r € F, then ¢ =0.

As a consequence, we have

Lemma 3.5. Let F' be a locally finite field of characteristic p and suppose that
Q1,Qo, ... ,qp are field automorphisms. For any positive integers ai,as, . .. ,Gn,
let H be the subgroup of F'* given by

H={o(z)"az(z)® - an(z)" |x € F*}.

If L is the subfield of F' generated by H, then |F : L| < oo, and {&1,aa,... 0 }
is a union of orbits under ¥ = Gal(F/L) (where o € ¥ maps a; to o o o).

Proof. Tt suffices to assume that oy, ao, ... , a, are non-equivalent. Indeed, if a; =
f¥oa; with k>0, then a;(z) = fFoaj(z) = q; (J?)pk, so we can replace a;(z) by
a; (x)pk in the definition of H.

Let 0 € Gal(F/L). Then for all z € F (including = = 0), we have

01 (@) a2(@) - an(@)™ = (o) ax(w) - an(@)™)
= Bi(z)" Ba(x)*? - Br(z)™™,

where 3; = coa;. Let A = {aj,a9,...,an}, B = {f1,52,...,0n}, and set
S = AU B. Note that the elements of A are non-equivalent, so the same is true
of the elements of B. Thus, |A| = |B| = n and, if A # B, then by introducing
a variable x, for each distinct element of S, the above displayed equation yields
a nontrivial polynomial in the automorphisms which annihilates F', contradicting
Lemma B4 Thus, we must have A = B, so that ¥ = Gal(F/L) permutes A. In
particular, since each equivalence class is countable, it follows that ¥ is countable.
But, as is well-known, |F : L| = oo implies that Gal(F/L) is uncountable, so we
conclude that |F' : L] < oo.

Lemma 3.6. If P is the defining field of G, then the character field F' of an irre-
ducible representation ¢ of G has finite index in P.

Proof. By Lemma 23] (or B3), n(G,) C F, and therefore it suffices to prove that
the field (n(G,)) has finite index in P. Recall that n(G,) = n(T¢) and that 9|, =
XT' e x3F, where o1,... , 0 are automorphisms of P. By Lemmal2.2 each x; has
shape xi(z) = [[;v;(2)* for some non-negative integers a;. Therefore, 7|7, has
a similar shape, and it suffices to prove that the field Py = ({a1(x) ... an(z)}zep)
has finite index in P, where a1, ... ,a, are any field automorphisms of P. This, of
course, follows from Lemma [3.5.

4. GROUP ALGEBRAS

If a group H acts on a group G via automorphisms, then we denote by D¢ (H)
the subgroup of all elements of G whose H-orbit is finite. If H = G we assume
that G acts on itself via inner automorphisms, so Dg(G) is the union of the finite
conjugacy classes of G. If H is a subgroup of G, then H acts on G by conjugation
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and we set Dg(H) ={g € G | [{hgh™'}nen| < oo}. Equivalently, Dg(H) = {g €
G | |H : Cu(g)| < oo}. It is clear that Dg(H) is a subgroup of G. As usual, we
let K G denote the group algebra of G over the field K. For convenience, we quote
the following corollary of [8, Theorem 4.2.9].

Lemma 4.1. Let G be a group acting by automorphisms on a group A, and let
J1, ..., Jn be G-stable nonzero ideals of KA with Jy - -+ J, = {0}. Then A contains
a non-identity element with a finite G-orbit.

As a consequence, we have

Lemma 4.2. Let G act as automorphisms on the infinite abelian periodic group H
and let G1 be a normal subgroup of G of finite index. If KH has no proper non-zero
G-stable ideal other than the augmentation ideal, then K H has no proper non-zero
G1-stable ideal other than the augmentation ideal.

Proof. Let {g1,...,9n} be a transversal for G; in G, and let I # {0} be a proper
Gi-stable ideal of K H different from the augmentation ideal. Put I; = g;(I) and
let J = ﬂj I;. Then GJ = J, and since J is clearly not the augmentation ideal,
the hypothesis implies that J = {0}. Thus I - - - I,, = {0}, and note that each I; is
(G1-stable since G1 is normal in G. Thus, by Lemma ETl, H has a non-trivial finite
G1-orbit and hence a nontrivial finite G-orbit. Since H is locally finite, this implies
that H has a non-identity finite G-stable subgroup V. Also IV is normal in H, since
H is abelian, and N is different from H, since H is infinite. The augmentation ideal
of KN extended to K H is therefore a non-zero G-stable ideal of K H different from
the augmentation ideal, and this is a contradiction.
In addition, we quote a corollary to [T, Theorem 1], see also [8] Section 8.4].

Lemma 4.3. Let G act on an abelian group A in such a way that the n-fold com-
mutator satisfies [ -+ [[A, G],G]---] = {1}. Assume further that Da(G) = C4(G).
If I # {0} is a G-stable ideal of KA, then I N KC4(G) # {0}.

Next, we need

Lemma 4.4. Let F be an infinite locally finite field of characteristic p > 0 and
let A= F* be the additive group of F. Suppose B is a finite subgroup of A, and
let K be an algebraically closed field of characteristic # p. If x : A — K* and
Kk : B — K* are irreducible characters of A and B, respectively, with x # 14, then
there exists f € F* such that x¥|p = k. Here, x! denotes the character defined for

a € A by x/(a) = x(fa).

Proof. Since F is an infinite locally finite field, B is finite and x # 14, there exists
a finite subfield L of F with B C L, x|+ # 1p+ and such that x extends to a
non-principal character p : LT — K*. Furthermore, since L* is clearly transitive
on the non-principal characters of LT, there exists f € L* with (x|;+)f = p, and
hence x/|p = k.

The following is an easily handled particular case of [3, Theorem 1].

Lemma 4.5. Let F be an infinite locally finite field of characteristic p > 0 and let
A = F% be the additive group of F. Suppose K is a field of characteristic # p,
and extend the action of the multiplicative group M = F* on FT = A to KA. If
0# 1 C KA is a proper M-stable ideal, then I coincides with the augmentation
ideal of KA.
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Proof. 1t suffices to assume that K is algebraically closed. Suppose that I is not
the augmentation ideal. Then there exists a finite subgroup B of A such that
Ip = INKB # {0} and Ip is not the augmentation ideal of K B. Replacing B
by a larger group if necessary, we can assume that B is just F;‘ for some finite
subfield F, of F. Then Ip is stable under F;. As Ip is not the augmentation
ideal of K B, there exists an irreducible representation x # 1p of KB such that
x(Ig) = {0}. If we define x* with k € F} to be the character x*(b) = x(kb) for
allb € B=F/}, then x*(Ig) = {0} for all x*. Observe that x* runs over all the
irreducible representations of B other than 15 as k runs over F} because the group
F; acts transitively on the set F7\{0}. Thus x(/5) = {0} implies that dim Ip = 1.
Finally, let L be a finite subfield of F' properly containing F,. Then dimI; = 1.
But I, D Ip-KL*, so dim I, > dim(Ig-KL") = (dimIg)-|L" : B| > 1, and this is
the required contradiction.

Theorem 4.6. Let G be an infinite quasi-simple locally finite group of Lie type with
defining characteristic p > 0. Suppose ¢ : G — GL(V') is an absolutely irreducible
rational representation of G, where V is a vector space finite dimensional over a
field F'. Assume that ¢ cannot be realized over any subfield of F (equivalently, F
is the field of the character of ¢). If A=V is the additive group of V and if K a
field of characteristic different from p, then the group algebra KA of A over K has
no proper non-zero G-stable ideal other than the augmentation ideal.

Proof. Let I be a proper non-zero G-stable ideal of K A, let S denote a Sylow p-
subgroup of G, and let B = C4(S). It follows from Lemma 2.10 that B = D 4(S5).
Thus, since S can be upper triangularized, we conclude from Lemma [4.3] that
J=1NKB # 0. According to Section 3, B is isomorphic to F*. If N = Ng(S),
then B is N-stable, so J is N-stable as well. As we know, the action of N on
B is described by the linear character n and, according to Proposition 29 the
group 7(N) is of finite index in F*. By Lemma EH, KB has no proper non-zero
F*-stable ideal other than the augmentation ideal and consequently, by Lemma
K2, the augmentation ideal is the only N-stable proper non-zero ideal of K B.
Therefore, J is the augmentation ideal of KB, so b—1 € J C I for each b € B,
and thus gbg~' — 1 € I for each g € G. In particular, if H ={a € A|a—1€ I},
then H is a non-identity G-stable subgroup of A containing all gBg~—! = F*. As
G is F-irreducible, we conclude that H = A and hence that I is the augmentation
ideal of K A.

Proof of Theorem [[ 1l Let E denote the commuting ring of the irreducible F'G-
module V. Then E is a field and |E : F| < oo. Furthermore, V is absolutely
irreducible as an EG-module with the same G-action. Therefore, the result follows
from Theorem [£.6]
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